Revisiting the AdS Boson Stars: the Mass-Charge Relations by Liu, Hai-Shan et al.
Revisiting the AdS Boson Stars: the Mass-Charge Relations
Hai-Shan Liu, H. Lu¨ and Yi Pang
Center for Joint Quantum Studies and Department of Physics,
School of Science, Tianjin University, Tianjin 300350, China
ABSTRACT
Motivated by the recent progress in solving the large charge sector of conformal field theo-
ries, we revisit the mass-charge relation of boson stars asymptotic to global AdS. We construct
and classify a large number of electrically charged boson star solutions in a toy model and
two supergravity models arising from the SU(3) and U(1)4 truncation of D = 4 SO(8) gauged
maximal supergravity. We find a simple ansatz for the chemical potential that can fit the
numerical data in striking accuracy for the full range of charge. Combining with the first law
of thermodynamics, we can then evaluate the mass as a function of the charge and obtain the
free energy in the fixed charge ensemble. We show that in the toy model, the ground state can
be either the extremal RN black hole or the boson stars depending on the parameter region.
For the SU(3) truncation, there always exists a boson star that has smaller free energy than
the extremal RN black hole, in contrast to the U(1)4 model where the extremal RN black hole
is always the ground state. In all models, for boson star solutions with arbitrarily large charge,
we show that the large charge expansion of the mass reproduces the same structure exhibited
in the CFT side.
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2
1 Introduction
When it comes to solving a physical system, it is very useful to look for a small parameter
about which a systematic perturbative expansion can be carried out. This approach led to the
discovery of soluble sectors of strongly coupled conformal field theory (CFT) at large spin [1–5]
or large global U(1) charge [6–12] where the spectrum of the theory simplifies. For instance,
in the O(2) model describing the superfluid Helium, the lowest scaling dimension in the sector
with large global U(1) charge is carried by a scalar operator and takes the form [6]
∆ + 0.0937256 = c 3
2
Q
3
2 + c 1
2
Q
1
2 + c− 1
2
Q−
1
2 +O(Q− 32 ) , (1)
where c3
2
, c1
2
, etc. are model dependent calculable coefficients. The universal constant c0 =
−0.0937256 comes from the one-loop contribution of the relativistic Goldstone boson associated
with the breaking of the global U(1) symmetry due to the non-vanishing charge Q present in
the vacuum. Similar behavior also appeared in three-dimensional Φ3 Wess-Zumino model,
O(N) vector model [7] and SU(N) matrix model [8] and was conjectured to be universal for a
large class of CFTs with spontaneously broken global symmetry.
When the CFT is placed on R × S2, the spectrum of the dilation operator coincides with
that of the Hamiltonian. Therefore, the large charge behavior for the lowest scaling dimension
directly translates into that of the ground state energy of the CFT on R × S2. Furthermore,
if the three dimensional CFT admits a dual gravitational description, this implies that within
the fixed charge ensemble, the solution of the lowest energy is non-rotating with a mass-charge
relation belonging to the same asymptotic class in the large charge limit. Initial attempt has
been made relating the ground state of the large charge sector of a strongly coupled CFT on
R × S2 to an extremal Reissner-Nordstro¨m (RN) black hole that is asymptotic to the anti-
de Sitter spacetime (AdS) [13]. However, doubts about this correspondence has been raised
in [14]. It was pointed out recently that the extremal RN-AdS black hole is not the appropriate
gravity dual as it carries a large amount of entropy absent from the CFT side [15]. Instead,
the ground state of the large charge sector of the CFT on R × S2 should be dual to a global
AdS boson star solution (a charged soliton that is asymptotic to global AdS) that possesses
no entropy while exhibiting similar mass-charge relation in the large charge limit [15].
The gravity model considered by [15] is simply the four dimensional Einstein-Maxwell
coupled to a charged massive scalar field without self interaction. Different from previous
work [16–18] on AdS boson stars where the Maxwell field is absent, here the U(1) gauge
field coupled to the scalar field is indispensable as it implies the presence of a global U(1)
symmetry in the dual CFT. Boson star solutions in the same model have already been studied
in [19] which also observed that M ∝ Q3/2 in the strictly Q → ∞ limit. The reason behind
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such scaling is quite simple. Numerical evidence [19] suggests that, for boson stars admitting
arbitrarily large charge, the Q → ∞ limit amounts to the planar limit under which the mass
parameter M should be interpreted as the energy density of the CFT on two-torus while the
charge parameter Q corresponds to the charge density. Thus, M ∝ Q3/2 simply follows from
the fact that in three-dimensions, the energy density has mass dimension 3 while the charge
density has mass dimension 2. This dimension analysis also explains the universal large Q
behavior of the boson star mass even for bulk theories that are less likely to have CFT duals,
such as the one considered in [15].
Motivated by the recent progress in solving the large charge sector of conformal field the-
ories, we carry out a quantitatively more detailed study on the mass-charge relation of AdS
boson stars than [19]. We construct and classify more AdS boson star solutions not only in the
phenomenological toy model, but also in two supergravity models with M-theory origin. Our
setup is similar to the one in [19]. By numerical approach, we obtain the asymptotic hairy pa-
rameters such as the mass M , electric charge Q, the chemical potential µ and the scalar hair φ2
related to the VEV of the scalar operator. These parameters are not independent and we can
treat (M,µ, φ2) as functions of the electric charge Q. We thus obtain these relations, focusing
on the mass-charge relation. Although some boson stars with arbitrarily large charges were
constructed in the previous work [19,23], the focus of those was not on its possible implications
to the large charge sector of the dual CFT.
By using the Euclidean action technique, we can determine the free energy of the boson
stars and compare it with the extremal RN-AdS black hole. This allows us to determine the
ground state, or the state with the lowest scaling dimensions in the dual CFT for given global
U(1) large. This has not only the application in the AdS/CFT correspondence by identifying
the relevant gravitational dual to the CFT operator, but can also provide some understanding
of the Weak Gravity Conjecture in asymptotically AdS spacetime. When Einstein-Maxwell
gravity is coupled to some additional charged matter, the extremal RN-AdS black hole may
turn into a metastable state and decay into other solutions representing the true ground state.
The Extremal RN-AdS black hole not only suffers from the superradiant instability for small
charges, but also suffers from the horizon instability for large charges [20–26]. It can be argued
that charged scalar hairy black holes in general do not have regular extremal limits [23], and
the boson stars are the preferred candidates instead. Comparing the mass-charge relation of
the extremal RN black hole to that of the boson stars can help us to determine the condition
on the mass/charge relation of the fundamental charged scalar hair under which the RN-AdS
black hole ceases to be solutions of the lowest free energy.
The paper is organized as follows. In section 2, we set up the framework and the techniques
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of constructing the charged spherically-symmetric and static solutions. Since we are interested
in the lowest energy solutions in the fixed charge ensemble at zero temperature, two candidates
emerge: the charged extremal AdS black holes and the AdS boson stars. We show that extremal
scalar hairy black holes do not exist in the theories we consider and hence the only black hole
candidate remaining is the extremal RN-AdS black hole. For the AdS boson stars, we impose
the boundary condition corresponding to turning on a VEV in the dual CFT spontaneously
breaking the global symmetry. We then use both the Euclidean action and the Iyer-Wald
formalism to establish the first law of the boson star dynamics and also determine the Helmholtz
free energy of the fixed charge ensemble. This provides a mechanism to determine the ground
state.
In section 3, we present numerical AdS boson star solutions for the phenomenological
toy model, namely Einstein-Maxwell gravity coupled to a negative cosmological constant and
a massive charged scalar without self-interaction. We restrict the scalar to be conformally
massless, (m2`2 = −2,) the same as the two supergravity models, but the charge parameter to
be free. (AdS4 boson stars in the toy model with m` = 0 and m` = 10 were studied in [26,27]
and [28] respectively.) We construct and classify the boson stars, carrying out a quantitatively
more detailed study than [19]. We analytically approximate the mass-charge relations, which
allows us to compare to that of the extremal RN-AdS black holes, and therefore single out the
ground state.
In section 4, we present numerical AdS boson stars in two gauged supergravity models,
corresponding to the SU(3) [29] and U(1)4 [30] truncation of D = 4 SO(8) gauged maximal
supergravity [31]. These models are dual to different sectors of the ABJM Chern-Simons matter
SCFT [32]1. New feature arises owing to the nonlinear scalar potentials. We conclude the paper
in section 5. In appendix A, we present the detailed truncation of the SU(3) supergravity
model. In appendix B, we give explicit second-order nonlinear differential equations for the
charged spherically-symmetric and static ansatz. In appendix C, we derive of the generalized
Smarr formula without utilizing the standard scaling argument and apply it to understand
the mass-charge relation in the large charge limit. In appendix D, we present some explicit
verification of the first law of the boson star dynamics at certain subtle parameter space. In
order not to interrupt the discussion in the main text, we reserve many illustrative figures in
appendix E.
1In supersymmetric conformal field theories with nontrivial moduli space, one may think that mass charge
relation is linear. However, it needs not to be the case if the charge is magnetic [33–35]. This is indeed the
case since one of the U(1) gauge fields in these truncations is dual to a magnetic global U(1) symmetry in the
CFT [36].
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2 The set up
2.1 The theory and equations
A general class of Einstein-Maxwell-scalar theory, where the complex scalar Φ is charged under
the Maxwell potential A, can be written as
L = √−g
(
R− 14F 2−X(|Φ|)(DµΦ)(DµΦ)∗−Y (|Φ|)
)
, F = dA , DµΦ = ∂µΦ− ieΦ , (2)
where e is the electric charge coupling and (X,Y ) are certain generic coupling functions of the
modulus of Φ. Expressing the complex scalar Φ = f(φ)eiχ, the phase factor field χ is “eaten”
by the Maxwell potential, which becomes massive. Choosing the function f appropriately, one
can rewrite the Lagrangian as
L = √−g
(
R− (∂φ)2 − U(φ)A2 − 14F 2 − V (φ)
)
. (3)
This is an Einstein-Proca-scalar theory and it reduces to Einstein-Maxwell theory at some
common stationary point of (U, V ) where U vanishes. The covariant equations of motion are
δφ : 2φ = A2∂U
∂φ
+
∂V
∂φ
; δAµ : ∇µFµν = 2U(φ)Aν ; δgµν : Eµν = 0 , (4)
where
Eµν ≡ Rµν − 12gµνR− (∂µφ∂νφ− 12gµν(∂φ)2)− (AµAν − 12gµνA2)U
−12(FρµF ρν − 14gµνF 2) + 12gµν V. (5)
In this paper, we study three explicit models similar to [19]. One is the phenomenological toy
model and the other two are gauged supergravity models associated with the SU(3) and U(1)4
truncations of D = 4 SO(8) gauged maximal supergravity. The U and V functions of these
models are
Toy model : U =
q2
`2
φ2 , V = − 6
`2
+
m2
`2
φ2 ;
SU(3) model : U =
1
2`2
sinh2(
√
2φ) , V = − 1
`2
cosh2( 1√
2
φ)(7− cosh(
√
2φ)) ;
U(1)4 model : U =
1
2`2
sinh2( 1√
2
φ) , V = − 2
`2
(cosh(
√
2φ) + 2) . (6)
(See appendix A for more details on the supergravity models.) For the phenomenological toy
model, (m, q) are parameters of the fundamental scalar’s mass and the electric coupling charge
e. Performing small φ Taylor expansion of the (U, V ) functions of the supergravity models
about φ = 0, one can easily see that m2`2 = −2 for both theories, but with q2 = 1 and 1/4
for the SU(3) and U(1)4 theories respectively. In the AdS spacetime, the squared mass of
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φ can be negative and the system still remains linearly stable. In particular the scalar with
m2`2 = −2 is conformally massless and its leading asymptotic falloff is 1/r.
In this paper, we consider electrically-charged spherically-symmetric and static solutions
in four dimensions, with the ansatz
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θ dϕ2) ,
A = a(r)dt , φ = φ(r) . (7)
The Er
r = 0 equation can be solved as
f =
2a2r2U − 2h (r2V − 2)
r (ra′2 + 4h′) + h (4− 2r2φ′2) . (8)
The remaining functions (h, a, φ) satisfy three nonlinear second-order different equations. (See
appendix B for the explicit expressions.)
2.2 The boundary condition
The theory admits the AdS spacetime of radius ` and the metric in the global coordinates is
ds2AdS = −(r2`−2 + 1)dt2 +
dr2
r2`−2 + 1
+ r2(dθ2 + sin2 θ dϕ2) . (9)
From now on, we shall set ` = 1 for computational convenience. We also consider only the
conformal massless scalar with m2 = −2 for the toy model, so that the near boundary behavior
for scalars in all three models is
φ =
φ1
r
+
φ2
r2
+ · · · . (10)
In the AdS/CFT dictionary, the integration constants φ1 and φ2 represent the source and
VEV of the dual boundary scalar operator respectively. In the standard boundary condition,
φ1 is the source and φ2 denotes the VEV. It is recalled that in AdS4, m
2 = −2 lies in the
window where alternative boundary condition is allowed under which the role of (φ1, φ2) is
interchanged [37]. This is also the mixed boundary condition φ2 ∝ φ21 corresponding to the
triple trace deformation of the CFT. In this paper, to illustrate the main idea, we focus on the
boundary condition φ1 = 0 while leaving other choices of boundary condition for future study.
For supergravity models dual to sectors of ABJM model, this choice of boundary condition
implies turning on the VEV for a bilinear fermion operator charged under the global U(1)
symmetry.
Therefore, throughout this paper, the solutions take the form near the AdS4 boundary
h ∼ f = r2 + 1− 2M
r
+
4Q2
r2
+ · · · , a = µ− 4Q
r
+ · · · , φ ∼ φ2
r2
+ · · · , (11)
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where µ is the electric or chemical potential and Q is the electric charge, defined by
Q =
1
16pi
∫
∗F . (12)
Performing the power series expansion of 1/r, we can solve the equations of motion order by
order. It can be easily established that there are in general five nontrivial hairy parameters,
(M,Q, µ, φ1, φ2). After setting φ1 = 0, the remaining parameters (M,Q, µ, φ2) specify the
characteristics of the solutions. Some choice of the parameters can lead to an event horizon,
giving rise to a charged black hole. Some choice will cause the collapsing of 2-sphere with no
curvature singularity, leading to an asymptotic AdS soliton that is geodesically complete. The
general parameters will presumably lead to solutions with naked singularity.
2.3 Scalar hairy black holes
The horizon r = r+ is characterized by h(r+) = 0 = f(r+) with finite a(r+) and φ(r+). The
near-horizon structure can be analysed by the Taylor expansion
h = h1(r − r+) + h2(r − r+)2 + · · · , f = f1(r − r+) + f2(r − r+)2 + · · · ,
a = a0 + a1(r − r+) + · · · , φ = φ0 + φ˜1(r − r+) + · · · . (13)
The equations of motion implies that all the coefficients in the Taylor expansion can be ex-
pressed in terms of four parameters (a0, a1, φ0, φ˜1), with leading coefficients
f1 =
m2φ0
φ˜1
, h1 =
m2a21φ0r
2
+
4φ˜1 − 4m2r+φ0 − 2(m2φ20 − 6)φ˜1r2+
. (14)
Note that the coefficient a1 can be viewed as trivial since it can be scaled so that we require
that h ∼ r2 at the asymptotic infinity. Thus the horizons are specified by three nontrivial
parameters (r+, φ0, φ˜1). This implies that the asymptotic four hairy parameters (M,Q, µ, φ2)
must satisfy one algebraic constraint.
In this paper, we are interested in extremal black holes with h1 = 0 = f1. We find that
the imposing of the equations of motion on the horizon ansatz implies that the extremal scalar
hairy solution is not possible for the conformally massless scalar (m2 = −2). The horizon
structure requires fine turned mass parameter
m2 =
2
(
6
(
q2 + 6
)
r4+ + 2
(
q2 + 6
)
r2+ + 1
)
6r4+ + r
2
+
> 0 . (15)
This phenomenon is not uncommon. For example, in the Einstein-Maxwell-dilaton theory
L = √−g(R− 12(∂φ)2 − 14eaφF 2) , (16)
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it was long understood that the inner (Cauchy) horizon of the dyonic black hole will be de-
stroyed unless the dilaton coupling is discrete and satisfies [38]
a2 = 12k(k + 1) , k = 1, 2, · · · . (17)
Indeed, it was established that only for these dilaton couplings can one construct scalar hairy
extremal dyonic black hole [39]. Analogous phenomenon was recently observed for black holes
carrying massive scalar hair, which abhors the Cauchy horizon for the general mass parameter
[40].
The scalar can be consistently set to zero for all three models we consider in this paper.
For the vanishing scalar, we have the usual RN-AdS black hole:
h = f = r2 + 1− 2M
r
+
4Q2
r2
, a = 4Q
( 1
r+
− 1
r
)
, φ = 0 . (18)
For sufficiently large mass M , there are two real roots r± for which f(r±) = 0. The event
horizon is located at the larger root r+ and the solution satisfies the first law of black hole
thermodynamics
dM = TdS + µdQ , (19)
where the temperature T , entropy S and the chemical potential µ are
T =
f ′(r+)
4pi
, S = pir2+ , µ =
4Q
r+
. (20)
There exists an extremal limit where r± coalesce
r± =
√√
48Q2 + 1− 1√
6
, (21)
for which temperature vanishes and
M =
√√
48Q2 + 1− 1
(√
48Q2 + 1 + 2
)
3
√
6
, µ =
√
2
√
48Q2 + 1 + 2 . (22)
The first law of black hole thermodynamics at zero temperature reduces to
dM = µdQ . (23)
As we shall see later that the dynamic first law of the boson star takes the same form.
In the large and small Q limits, the mass-charge relation becomes respectively
Q 1 : M = 2.48161Q3/2 + 0.537285
√
Q− 0.0193876Q− 12 +O(Q− 32 ) ,
Q 1 : M = 2Q+ 4Q3 − 36Q5 +O(Q7) . (24)
9
Correspondingly, the chemical potential-charge relations are
Q 1 : µ = 3.72242Q 12 + 0.268642Q− 12 + 0.0096938Q− 32 +O(Q− 52 ) ,
Q 1 : µ = 2 + 12Q2 − 180Q4 +O(Q6) . (25)
When Q  1, the effect of the cosmological constant becomes unimportant and hence the
mass-charge relation reduces to M = 2Q, which is the same as that of extremal RN black holes
that are asymptotic to the flat spacetime. We see that the Smarr relation at large and small
Q becomes
lim
Q→0
µQ
M
= 1 , lim
Q→∞
µQ
M
=
3
2
. (26)
The large Q limit of the RN-AdS black hole becomes equivalent to the AdS planar black hole,
where additional scaling symmetry emerge that is responsible for the second Smarr relation
[19,41,42]. See appendix C for further discussions.
The thermodynamics for the RN-AdS black hole was well understood. In the extremal
limit, the Helmholtz free energy FH = M −TS and Gibbs free energy FG = M −TS−µQ are
Helmholtz: FH = M ; Gibbs: FG = M − µQ . (27)
For a system of fixed temperature T = 0 and given charge Q, the Helmholtz free energy or
simply the mass is the measure of how high the excitation of a state. The state with the lowest
Helmholtz free energy is the ground state.
It is important to point out that the large Q expansion of the mass for the extremal RN-
AdS black hole has vanishing c0, the constant piece that appears in (1). This is not in general
shared by the AdS boson stars that we shall discuss next.
2.4 AdS boson stars
The topology of the AdS boson stars is the same as the AdS vacuum in the global coordinates
(9) with the radial r runs from 0 to infinity. The “boundary” condition at r = 0 is
f = 1 , h = h0 , a = a0 , φ = φ0 , (28)
with
f ′ = h′ = a′ = φ′ = 0 . (29)
Note that regularity of the spacetime requires that f ′ = 0 = h′, and then the equations of
motion imply that a′ = 0 = φ′. In other words, the AdS boson stars are special class of
smooth solitons. It can be easily established that for our (even) scalar coupling potential
functions U and V , the Taylor expansions at r = 0 all involve only even r powers, with the
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coefficients determined by (h0, a0, φ0). The ansatz is time-scaling invariant and hence h0 is a
trivial parameter, but with the understanding that it should be chosen so that h = r2 +1+ · · ·
at the asymptotic infinity.
The boundary condition at r = 0 implies that general smooth solitons are specified by
two parameters (a0, φ0). However, a generic choice of (a0, φ0) will turn on both (φ1, φ2) at
the asymptotic infinity and therefore we need to finetune the (a0, φ0) so that φ1 vanishes. In
this paper, for the purpose of clear terminology, we refer to the smooth solutions with general
(φ1, φ2) as the AdS solitons, while call those with φ1 = 0 as AdS boson stars. Thus in this paper,
the boson stars involve only one nontrivial parameter, implying that these solutions trace a
line in the four-dimensional parameter space of (M,Q, µ, φ2). We choose the parameter to be
Q, with the mass M , φ2 and chemical potential µ all depending on Q. This is the analogous
choice as the extremal RN-AdS black hole discussed earlier.
The focus of this paper is to construct such AdS boson stars and obtain their mass-charge
relation M(Q). We also obtain µ(Q) and φ2(Q). While it is straightforward to obtain numerical
data and draw pictures of these function, it is more satisfying to obtain approximate analytical
expressions that can fit all these data, especially for the physically more meaningful relation
M(Q). There are three types of boson stars: (1) gapless solutions whose mass and charge can
approach zero smoothly, which we call the type A series of boson stars; (2) the type B series
of boson stars that has mass gasp; (3) type C series whose mass and charge are bounded both
above and below.
We find that the boson stars that are bounded above are typically small with Q  1, in
which case, a linear expression of M ∝ Q can sufficiently capture the essence of the relation.
For the unbounded boson stars, as we discussed in the introduction, for large Q, the Smarr
relation implies that M ∼ Q 32 . We do not find a close-form expression of M(Q) that can
match the data for both large and small Q with less than 1% error for the unbounded boson
stars. However, we find that such an expression can be achieved for the µ(Q), i.e., the chemical
potential-charge relation, which we find to be
µ(Q) =
√
β1Q+ β2 + β3
√
Q2 + β4 , (30)
where the coefficients βi can be determined using data fitting by numerical method and they
are all positive. Compared to the µ(Q) for the extremal RN-AdS black hole (22), we just
add an additional linear expression to µ2, and hence it is a small step generalization, but
as we shall see later, it fits the data in striking accuracy with errors typically of the order
δµ/µ ∼ 10−3 ∼ 10−7. We can then use the first law (23) and obtain a quadrature expression
11
for the mass M
M(Q) =
∫ Q
0
µ(Q′)dQ′ . (31)
We can then easily establish that for small Q ≤ 1, the mass-charge relation is given by
M =
√
β2 + β3
√
β4Q+
β1
4
√
β2 + β3
√
β4
Q2 +
(
2β2β3 −
(
β21 − 2β23
)√
β4
)
24
(
β2 + β3
√
β4
)3/2√
β4
Q3 +O (Q4) . (32)
For the more interesting large Q limit, we have
M = c0 +
2
3
√
β1 + β3Q
3
2 +
β2√
β1 + β3
Q
1
2 −
(
2β3 (β1 + β3)β4 − β22
)
4 (β1 + β3)
3/2
Q−
1
2 +O(Q− 32 ) . (33)
We see that the Smarr relations (26) for small and large Q are satisfied for our data-fitting
ansatz. The constant c0 is determined by
c0 =
∫ ∞
0
(
µ(Q)−
√
(β1 + β3)Q− β2
2
√
(β1 + β3)Q
)
dQ , (34)
for µ(Q) given in (30). For the extremal RN-AdS black holes, the coefficient β1 vanishes and
further more, we have β2 = β3
√
β4, in which case one can establish that c0 vanishes also. For
general βi parameters; however, the coefficient c0 are not vanishing and we shall determine
it for various models by the numerical method. Since the determination of c0 from (34) is
achieved by a subtraction of divergent terms to obtain a finite number, this makes it very
difficult to obtain c0 in reasonable accuracy using the numerical approach; nevertheless, our
analysis together with using the numerical approach can at least demonstrate that c0 does not
vanish in general.
2.5 Numerical approaches
There are few known examples of exact solutions that describe the AdS boson stars. Numerical
approaches have typically been adopted in literature to construct these solutions. A priori,
there are two ways of integrating the differential equations. One is to use the boundary
condition at the asymptotical infinity and integrate from certain large value of r to r = 0. The
advantage is that we can freely choose the asymptotic hairy parameters that specifying the
solutions. However, as we discussed earlier, the boson stars at the asymptotic infinity involves
four hair parameters, (M,Q, µ, φ2), but they are specified by only one independent parameter.
The boson stars form lines in the four dimensional parameter space. It is thus an inconceivable
task to search such solutions in good accuracy, since it amounts to locate a one-dimensional
line in four-dimensional space. For general (M,Q, µ, φ2) parameters, the solution in the spatial
middle can have naked singularity or the event horizon, as well as the soliton structure.
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In this paper, we shall use the r = 0 as the initial boundary and integrate the equations
from r = 0 out to some sufficiently large r and then read off the hair parameters by data
fitting using the asymptotic falloff structures. The boundary condition at r = 0 is specified by
(28) and (29) with two free parameters (φ0, a0). Although the solutions are regular at r = 0,
the equations break down at r = 0 since r appears in the denominator of the expressions of
(h′′, a′′, φ′′) in appendix B and the numerical program has to deal with the subtlety of 0/0.
The issue can be resolved by performing the Taylor expansion at r = 0 to some higher orders
and use the Taylor series as the correct solution in the vicinity of r = 0. We can therefore
integrate the equations not literally from r = 0, but slightly away from r = 0, e.g. 10−3 where
the equations are well defined. We perform the Taylor expansions to the tenth order of r, but
present figuratively only a few terms here for illustration
h = h0(1 + h2r
2 + h4r
4 + · · · ) , f = 1 + f2r2 + f4r4 + · · · ,
a = a0 + a˜2r
2 + a˜4r
4 + · · · , φ = φ0 + φ˜2r2 + φ˜44 + · · · . (35)
We can set h0 = 1 without loss of generality, with the understanding that we can use the time
scaling to restore the solution to be h ∼ r2 asymptotically. Substituting the above ansatz into
the equations of motion and we can solve them order-by-order in terms of r. We find that all
the coefficients can be solved as polynomial ratios of (φ0, a0).
For some chosen (a0, φ0), the integration out to infinity may break down, which implies
that this spatial middle structure cannot connect to the asymptotic AdS, but it encounters
singularity instead. When the middle structure for (a0, φ0) can be integrated to the asymptotic
infinity, we then obtain a smooth AdS soliton and the falloff of the scalar must take the form
(10). We can use data fitting at large r to read off both constants (φ1, φ2). Since we are only
interested in solutions with vanishing φ1, we can finetune the parameters (a0, φ0) so that φ1
vanishes, or more practically, we require that φ1 < 10
−15. The function h at large r then must
take the form
h = λ
(
r2 + 1− 2M
r
+
4Q2
r2
+ · · ·
)
. (36)
For sufficiently large r, the ellipses can be ignored and we can use the remaining function to
perform data fitting and read off (λ,M,Q2). The reason we inevitably have λ 6= 1 is that we
have set h0 = 1 as our initial boundary condition at r = 0. We need to rescale the functions
h→ h
λ
, a→ a√
λ
, (37)
to obtain the correct numerical solutions for the (h, a) functions. We can then read off the
correct (µ,Q) from the falloff of the electric potential in (11). This implies that a0 is not the
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true chemical potential at the origin; the correct answer is
µ0 =
a0√
λ
. (38)
Thus we can read off six important parameters of a boson star, namely
{φ0, µ0,M,Q, µ, φ2} . (39)
The first two specify the spacetime structure in the middle, whilst the last four specify the
asymptotic structure. Note that we can have a consistent check on the electric charge, by first
reading off Q from a(r) in (11) and then compare it with the coefficient of 1/r2 in h. We
require that they match with at least five significant figures.
2.6 Euclidean action and the ground state
For stationary black holes, there is a quantum static relation (QSR) which states that the
on-shell Euclidean action is given by βF where F is the free energy and β is the period of the
Euclidean time [43]. We can take the view that the free energy is the action growth rate with
respect to the Euclidean time, in which case, the free energy can be directly calculated in the
extremal limit. In this section, we would like to generalize the concept from black holes to the
boson stars.
For asymptotically AdS spacetimes, the Euclidean action have three parts, the bulk, the
Gibbons-Hawking surface term and the holographic counterterm:
IEucl = Ibulk + Isurf + Ict . (40)
It turns out that the bulk action can be written as surfaces term module the Hamiltonian
constraint [44,45]
Ibulk =
1
4τ
∫ ∞
r0
2E00dr +
1
4τ r
2
√
f
h(h
′ − aa′)
∣∣∣∞
r0
, (41)
where Eµν is given in (5). The equation of motion E
0
0 = 0 is called the Hamilton constraint.
This identity can generalized to include general higher-derivative terms, see e.g. [46, 47]. For
the black hole solutions, we have r0 = r+; for the AdS solitons, r0 = 0. The Gibbons-Hawking
surface term is
Isurf = −14τr2
√
f
h
(
h′ +
4h
r
)∣∣∣
r→∞
. (42)
The holographic counter term is
Ict = τ
g2 + 2r2
2g
√
h
∣∣∣
r→∞
. (43)
14
For the RN-AdS black holes, putting together gives the Gibbs free energy
FG = M − TS − µQ . (44)
For the boson stars, we find it is given by
FG = M − µQ , (45)
which takes the precisely same form as the extremal RN-AdS black hole. In order to obtain
the Helmholtz free energy, we need to add a boundary term for the Maxwell field, representing
the Legendre transformation, namely [43]
ILegendre =
1
16pi
∫
∂M
dΣµF
µνAν . (46)
This term cancels precisely the aa′ term in (41). The total Euclidean action then gives rise to
the Helmholtz free energy and for the boson stars or extremal black holes, it is precisely the
mass
FH = M . (47)
Thus we see that the zero-temperature ground state is the lowest energy state.
2.7 The dynamical first law of the AdS boson star
We now apply the Iyer-Wald formalism [48] to demonstrate that the dynamical first law of
the boson star takes the same form as (23). For the theory of the type (3), the variation of
the Hamiltonian in the Wald formalism for the electrically charged spherically-symmetric and
static solution is given by [49–52]
δH∞ = −14 limr→∞
(
− 2
r
δf − 2
√
hfφ′δφ− f
h
aδa′ − 12aa′δ(
f
h
)
)
. (48)
Substituting the asymptotic boundary condition (11), we find
δH∞ = dM − µdQ . (49)
Following the Wald formalism, we must have δH∞ = 0, since the smooth spatial origin r = 0
is not a boundary. (For black holes, the Wald-formalism identity is δH∞ = δH+ instead.) We
therefore derive the first law of the boson star dynamics, which has the same form (23) as the
extremal RN-AdS black hole.
It is important to note that first law (23) we derived from the Iyer-Wald formalism is
consistent with the Helmholtz free energy derived from the Euclidean action in the previous
subsection. Nevertheless, since we do not have an exact solution of the AdS boson stars to
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verify this first law analytically, we shall result to the numerical approach and obtain the mass
and chemical potential as functions of the charge and confirm its validity. In fact this first law
is particularly useful since it allows to derive the mass-charge relation through its integration
(31), as it is easier to find the analytical data-fitting function µ(Q).
2.8 The AdS/CFT correspondence
In this subsection, we present the map between the mass of global AdS solutions and the
scaling dimension of heavy operators in the dual CFT. First of all, the dual CFT lives on
the conformal boundary of the global AdS solution which is Rt × S2(`) where Rt is the time
direction and S2(`) denotes a 2-sphere with radius `. Thus the dual CFT is defined on a sphere
of the same size as the bulk AdS. The energy of the extremal RN-AdS black hole or AdS boson
stars is identified with the energy of the corresponding CFT state. In full units, this is
ECFT = M
GN
. (50)
The state-operator correspondence then implies that the spectrum of dilaton operator contains
an operator of scaling dimension
∆ = E`CFT = `
2
GN
M
`
. (51)
Since `2/GN is related to the CFT central charge as picT /32, the operator is quite heavy. In
our computation, we set ` = 1. However, one should keep in mind that in the mass-charge
relation, the parameters M and Q are in fact weighted by the AdS radius. As an illustration,
the conformal dimension of heavy operator dual to the extremal AdS4 RN black hole can be
expressed as
32∆RN
picT
=
√√
48Q2 + 1− 1
(√
48Q2 + 1 + 2
)
3
√
6
=
4
√
2
33/4
Q
3
2 +
1√
2 4
√
3
Q
1
2 − 1
16
(√
233/4
)Q− 12 +O (Q− 32) . (52)
With this understood, we shall only present the bulk M(Q) relation, rather than the CFT
∆(Q) in the remainder of the paper. It is important to note that the constant coefficient c0
is absent in the large Q expansion. As we will see later, this is quite different from the boson
stars where the large charge expansion of mass generally involves the c0 term.
3 The phenomenological toy model
Having established the motivation and the general set up, we would like to present the results.
In this section, we analyse the numerical data of the phenomenological toy model, given in (6).
16
The theory is specified by two parameters (m, q) with m2 = −2. Boson stars asymptotic to
global AdS4 exist for general q, but the properties can be very different depending on q > qc or
q < qc where q
2
c = 1.261. (We shall come back to this point in section 3.3.) In this section, we
analyse the boson stars for q2 = 1.4 and q2 = 1 in detail and then give some brief discussions
on general q.
3.1 q2 = 1.4
As discussed in section 2, the general solion solutions are characterised by (φ0, a0) defined at
the origin r = 0, which lead to asymptotic scalar hair parameters (φ1, φ2). For some specific
choices of (φ0, a0), the solitons have vanishing φ1. We thus need to scan the parameter plane of
(φ0, a0). For given φ0, we find that for the r = 0 boundary condition a0 = 0, the equations can
always be integrated to infinity, implying that (φ0, 0) always gives a smooth AdS soliton. We
can thus first fix φ0 and then scan a0 from 0 to certain large number and obtain AdS solitons
whose scalar hair φ1 is a function of a0. The boson star solutions we are looking for are those
with φ1(a0) = 0. As a concrete example, we consider φ0 = 1 and scan a0 from 0 to 20, at an
interval of 1/50. The function of φ1(a0) is plotted in Fig. 1.
A1 A2 A3 A4 A5
Figure 1: For q2 = 1.4 and φ0 = 1, the asymptotic scalar hair φ1 is a decaying periodic function of
a0. Each root, labelled as Ai, (i = 1, 2, 3, . . . , ) gives a boson star solution. Varying φ0 then gives rise
to the Ai series of solutions.
We see that for φ0 = 1, φ1(a0) is a decaying periodic function with multiple roots (possibly
an infinite number of zeros). Each root, labeled as Ai, (i = 1, 2, 3, . . .,) gives a boson star
solution. If we change φ0, each root will move continuously with φ0, giving a continuous series
of solutions. We use Ai to label each series. We now give some details of the A1, A2 and A3
series at φ0 = 1. We have
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a0 λ φ2 µ Q M
A1 1.902 2.890 0.9920 2.184 0.2307 0.4479
A2 5.512 5.043 -0.5164 2.898 0.05024 0.1612
A3 9.686 6.093 0.4417 4.194 0.02423 0.1159
Note that the sign of the scalar hair φ2 alternates for the two adjacent series. It should be
emphasized again that the chemical potential at the origin is not a0; instead, it is given by
µ0 =
a0√
λ
= 1.119 , 2.455 , 3.924 , (53)
for the A1, A2, A3 solutions respectively. We obtain a matrix of data for the A1, A2 and A3
series of solutions for φ0 runs from 1/10 to 3.
3.1.1 The Ai series: gapless solutions
As we see later, the pattern of φ1(a0) depicted in Fig. 1 breaks as φ0 increases to certain critical
value and new pattern will emerge; however, the pattern remains unchanged as φ0 decreases
to 0, corresponding to the AdS vacuum. Thus the A series of solutions are gapless and their
mass and charge can smoothly reach zero. In this subsection, we discuss the properties of these
gapless solutions. Nevertheless, the A1 series is special, different from the A2 and A3 series
and we shall present mostly the A2 and A3 series first, where the electric charge Q is restricted
to be small compared to the cosmological constant.
A1
A2
A3
A2
A3
Figure 2: The left plot shows that the A1,2,3 series of boson stars trace lines in the (φ0, µ0) plane. The
right plot relates the asymptotic parameter Q to φ0 defined in the space origin. We see that the charge
is restricted to have a maximum that is much less than the AdS radius ` = 1. The charge Q for the A1
series is unbounded above and we shall present it later.
We can see from Fig. 2 that the chemical potential µ0 at the spatial origin r = 0 increases as
the label of Ai series increases. For the A2 and A3 series, the electric chargeQ is bounded above,
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with the maximum much less than the AdS radius ` = 1. Furthermore, the charge oscillates
with increasingly small magnitude as φ0 increases. The electric charge Q is unbounded for the
A1 series, which we shall discuss presently.
We now turn to examine the relations of asymptotic hair parameters (M,Q, µ, φ2) of the
AdS boson stars. We opt to present the one-parameter family of solutions using Q as the
variable, since all the boson stars are charged. As we can see from Fig. 3, for the A2,3 se-
ries of solutions, the scalar hair φ2 and the chemical potential spiral into some fixed point,
corresponding to large φ0. This confirms that the electric charge Q oscillates with φ0 and is
bounded above. The spiral shapes make it difficult to find an analytical expression for these
relations.
A3
A2
A3
A2
Figure 3: The scalar hair parameter φ2 and the chemical potential µ are functions of the electric charge
Q, for the A2,3 series of solutions. The fixed points that the figures spiral into corresponds to taking
large φ0. This is indicative that the charge Q are bounded above. The shape of µ0(Q) is similar to µ(Q).
Note further that µ→ µ0 as Q→ 0.
The most important physical quantity is the energy or the mass of the boson star for given
charge Q. We present the mass-charge relation for the A2,3 series of solutions in Fig. 4. We
also present the mass-charge relation of the A1 series and extremal RN black hole in the same
charge region. As we can see from Fig. 4, there is a cusp in the mass-charge relation for the
A2 or A3 series, and mass appears to be linearly dependent on the charge away from the cusp.
This would contradict the µ(Q) relation depicted in Fig. 3. A more careful analysis indicates
that the M(Q) relation for the A2,3 series is not linear and the two lines join tangentially
together at the tip so that there is no µ(Q) discontinuity. We give a thorough analysis and
verify the first law (23) in appendix D.
We can see from Fig. 4 that for the Ai series of solution, the the upper bound lowers down
as i increases, and the mass increases for the same Q. In other words, MAi(Q) > MAj (Q) for
i > j and consequently the A1 series has the lowest energy. Furthermore the A1 series has
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A3
A2
RN
A1
Figure 4: The mass is multi-valued with a spike for the A2,3 series. The A1 series has the lowest mass
or energy for given charge Q, indicating that it is the ground state for fixed charge.
less energy than the extremal RN-AdS black hole. Thus the A1 series represents the ground
state, at least in the small charge region we consider here. We therefore would like to study
the A1 series in more detail. The µ0-φ0 relation was already presented in the left plot of Fig. 2,
which is not significantly different from the those of other series of solutions, except that µ0
approaches zero for large φ0 for the A1 series of solutions. However, the distinguishing feature
of the A1 series is that the charge Q is unbounded, running from 0 to infinity.
Figure 5: The scalar hair-charge relations for the A1 series of solutions. The left plot shows the charge
Q as the function of φ0. For large Q, it grows exponentially whilst at small Q, it behaves as a quadratic
function of Q. The scalar hair φ2 behaves linearly at large Q and behaves like
√
Q as Q approaches 0.
The dots denote the actual numerical data and solid lines are the resulting data fitting functions.
As we can see from Fig. 5, for the A1 series of solutions, the charge Q increases exponentially
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as a function of φ0 when Q 1, but grows quadratically when Q 1. In particular, our data
fitting indicates that
Q > 10 : Q ∼ 0.002717e3.565φ0 , Q < 1/2 : Q ∼ 0.2323φ20 . (54)
The scalar hair/charge relation φ2(Q), on the other hand, is linear for large Q, and becomes√
Q as Q approaches zero. To be specific, we have
Q > 1 : φ2 ∼ 0.3454 + 2.054Q , Q < 0.5 : φ2 ∼ 2.069Q2 . (55)
Note that the solid lines in Fig. 5 are drawn using the above data fitting functions, and the
dots are the actual numerical results. We have not found explicit data fitting functions Q(φ0)
and φ2(Q) for the whole Q ≥ 0 that would yield less than 5% error.
The mass M and the chemical potential µ as functions of charge Q are depicted in Fig. 6.
The dots are actual numerical data and the solid lines are derived data-fitting functions. The
dashed line in the M(Q) graph is the mass-charge relation for the extremal RN-AdS black
hole.
Figure 6: The dots are actual numerical data and the solid lines are the derived data-fitting functions.
The dashed line in the M(Q) graph is the mass-charge relation for the extremal RN-AdS black hole.
Inspired by the mass-charge relation for the extremal RN-AdS black hole, we obtain the
following data-fitting functions
M(Q) =
∫ Q
0
µ(Q′)dQ′ , µ(Q) =
√√
17.1525Q2 + 1.95582 + 6.86161Q+ 1.47745 (56)
As we can see from Fig. 6 that the above data-fitting functions match the data not only for
the large Q but also for the small Q. In order to test the error of our data-fitting function
for µ(Q) and M(Q), we obtained the data for charges from 0.0023234 to Q = 370 and we
find that, throughout this charge region of five orders of magnitude, our data-fitting functions
M(Q) and µ(Q) produce less than 0.4% of error, as can be seen by Fig. 7.
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Figure 7: This figure shows that the errors of our data-fitting function µ(Q) and M(Q) with respect
to the numerical data are all less than 0.4%, in the region of Q ∈ [0.0023234, 369.36]. Furthermore the
error reduces significantly as the charge increases. We use the logarithmic charge scale since it spans
five orders of magnitude.
It can be easily checked that M(Q) for the A1 solutions are less than the mass of the
extremal RN-AdS black hole of the same charge, consistent with our earlier claim that the A1
series are the ground states. For large Q, we have
M ∼ c0 + 2.2114Q 32 + 0.445404Q 12 − 0.0562314Q− 12 +O
(
Q−
3
2
)
(57)
where c0 = 0.085282. Changing to the convention of [15], (M =
1
2M˜,Q =
1
2Q˜,) we have
M˜ ∼ 2c0 + 1.56370Q˜ 32 + 0.629896Q˜ 12 − 0.159046Q˜− 12 +O
(
Q˜−
3
2
)
, (58)
which agrees very well with [15] for the leading order coefficient. We also introduce a constant
c0 coefficient that was not mentioned in [15]. We also find that
µ = 3.31710Q
1
2 + 0.222702Q−
1
2 + 0.0281157Q−
3
2 +O
(
Q
5
2
)
. (59)
The orders of power expansion are the same as those of the extremal RN-AdS black hole,
but with different coefficients. On the other hand, the small Q expansion of µ(Q) for the A1
solutions involves a linear dependence of Q, which is absent in the extremal RN-AdS black
hole.
3.1.2 The Bi series: solutions with mass-gap
For small φ0, the pattern of φ1(a0) was depicted in Fig. 1. As φ0 approaches zero, the pattern
remains, indicating that the A series of solutions are gapless with respect to the AdS vacuum.
As φ0 increases, the pattern changes and new type of roots of φ1(a0) emerge. We present
Fig. 16 in appendix E to illustrate the emergence of the new pattern of the roots.
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At φ0 = 2, we see a new bump emerges between the A1 and A2 roots, and this new local
maximum B rises as φ0 increases until it touches the φ1 = 0 axis, creating a double root B1 of
φ1(a0). The tip of B local maximum continue to rise with the increasing φ0, so that the double
root B1 splits into two single roots. Then tip of B starts to lower and become a local minimum
and its position lowers and touches the φ1(a0) = 0 axis again, creating the B2 series, etc.
The emergence of the B series of solutions are very sensitive to the value of φ0. If we further
increase the φ0, the left and right groups of the B series breaks up, and there is no soliton
solutions at all in the certain middle region of a0. We illustrate this in Fig. 17 in appendix E.
Unlike theA roots, whose number remains unchanged, theB roots are continually generated
as φ0 increases. Thus these solutions all have mass gap and are not smoothly connected to
the AdS vacuum. For φ0 = 2.5, we find at least three types of B roots, which we label them
B1, B2 and B3. For each type, there are B
−
i in the left and B
+
i in the right. We give the roots
a0 and the corresponding boson star charge Q for the Bi solutions at φ0 = 2.5:
B−1 B
−
2 B
−
3 B
+
3 B
+
2 B
+
1
a0 0.844 0.88955 0.8902259 2.137304 2.1387 2.25
Q 3.86 3.5556 3.550867 1.316266 1.3159 1.27
We would like call these B solutions as the RN-like boson stars in that their mass-charge
relation are very close to the extremal RN-AdS black hole, namely the M(Q) function given
in (22). In the table above, the number of significant figure presented is to signify the number
of the significant figures that the mass of the boson star matches that of the extremal RN-AdS
black hole of the same mass. We also find that the scalar hair parameter φ2 → 0 for Bi
with increasing i. This implies that for these boson stars, the asymptotic behavior becomes
increasingly indistinguishable from the extremal RN-AdS black holes. It should be pointed out
that for all the Bi solutions that we examined, although the mass is close to the extremal RN-
AdS black hole of the same charge, they are all slightly smaller, indicating that the extremal
RN-black hole is the upper bound of all the type-B solutions. As φ0 increases, there are more
and more type B boson stars that become approximately degenerate state with the extremal
RN-AdS black hole. This may provide a new understanding of the extremal RN-AdS black
hole entropy.
Since the mass-charge relation of the B1 series of solutions differ the most from the extremal
RN-AdS black hole among all the type-B solutions, we shall study this series in greater detail.
In general, The B1 series has two roots, and they coalesces at some minimum φ
min
0 = 2.451115.
This implies that the Q(φ0) and µ0(φ0) functions are two valued, as shown in Fig. 8.
The upper branch of Q(φ0) are associated with the left (or smaller) roots of the B1 series,
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0.0015
μ0
Figure 8: The upper branch of Q(φ0) corresponds to the smaller (left) roots of the B1 series, and
the lower branch corresponds to the larger (right) roots. The two branches join at where the two roots
coalesces at some φmin0 . The charge Q is unbounded in the upper branch, but bounded below in the
lower branch with Qmin ∼ 0.8222. The upper and lower branches of µ0(φ0) correspond to the larger and
smaller roots of the B1 series.
and the charge Q is unbounded above and the smaller roots are pushed further to the left
in the φ1(a0) graph. The lower branch are generated by the right (or larger) roots with the
charge Q oscillating at a small amplitude. The minimum value Qmin ∼ 0.8222 does not occur
at the double root of φ1(a0) at φ
min
0 = 2.451115, which has Q = 2.06321, but at the certain
right a0 = 6.74301 root of φ1(a0) with φ0 = 2.9000. This makes it rather tedious to locate the
minimum charge Qmin for the boson stars with a mass gap.
Using the numerical method, we obtain a large amount data of the B1 series, with the
charge ranging from Qmin ∼ 0.8222 to a very large Q ∼ 2051, corresponding to φ0, running
from 2.45115 to 4. We could not find a close-form data-fitting function M(Q) that yields less
than 1% of error in this large range of the Q parameter. On the other hand, we find a close
form function µ(Q), namely
µ =
√
6.03677
√
Q2 + 0.0481225 + 7.75028Q+ 1.99386 . (60)
We find that this function produces a stunning less than 10−3% of error comparing to the
actual numerical data. We can then use the first law dM = µdQ to define the mass as the
quadrature (31). The M(Q) and µ(Q) relations are depicted in Fig. 9. The solid line are the
data-fitting functions and dots are the actual numerical data. They match perfectly from small
to large Q.
The large Q behavior can be easily determined, given by
M ∼ c0 + 2.47539Q 32 + 0.53698Q 12 − 0.0197047Q− 12 +O
(
Q−
3
2
)
,
µ ∼ 3.71309Q 12 + 0.26849Q− 12 + 0.00985236Q− 32 +O
(
Q−
5
2
)
. (61)
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Figure 9: The dots are actual numerical data and the solid lines are the derived data-fitting functions.
The dashed line in the M(Q) graph is the mass-charge relation for the extremal RN-AdS black hole.
with c0 = −0.0135596. Since the B1 series has minimum Qmin ∼ 0.8222, the small Q → 0
behavior of the data-fitting function is pointless to analyse. It should emphasized that we have
M(Q)A1 < M(Q)B1 < M(Q)RN , (62)
for all the charge Q ≥ Qmin, indicating the B1 series is the (slightly) lower energy state than
the extremal RN-AdS black hole, but (much) higher than the A1 series.
To conclude, for q2 = 1.4, there are two types boson stars: type A are gapless and can
smoothly connect to the AdS vacuum. The charge and hence the mass of the general Ai series
are bounded above, with an exception the A1 series. The Bi series of solutions all have a mass
gap with some minimum Qmin. For given charge, the mass of the type-B solutions are smaller
than that of the extremal RN-AdS black hole, but becomes increasingly indistinguishable. The
ground state can be identified as the A1 series of the boson stars.
3.2 q2 = 1
We now construct the boson stars with q = 1. This case arises in supergravity models when the
scalar is linearized. While some boson stars share the same characteristics as those in q2 = 1.4,
many do not. We shall briefly present the results that are analogous to those of q2 = 1.4 and
analyse the new solutions in greater detail.
3.2.1 The Ai series: gapless solutions
For small φ0, the φ1(a0) function shares the same pattern as in Fig. 1, and we can label the
roots of φ1(a0) accordingly. We obtain numerical data for the A1, A2 and A3 series of solutions,
and we present the various quantities in Fig. 18 in appendix E.
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An important difference for q2 = 1 compared to the earlier q2 = 1.4 case is that the A1
series of solutions are also bounded above, just like the rest A series, as can be seen in Fig. 19 in
appendix E. Although the A1 series remains the lowest energy state amount the Ai series, it is
more excited than the extremal RN-AdS black hole. Thus for small charges, the extremal RN-
AdS black hole is the ground state. (Recall the A1 series has lower energy than the extremal
RN-AdS when q2 = 1.4.) In appendix D, we give a detailed demonstration of how the first law
dM = µdQ is satisfied despite of the existence of a cusp in the mass-charge relation.
3.2.2 The Bi series: Solutions with mass gap
The analogous pattern of Fig. 1 will change when φ0 increases, but the style of the change is
different from the q2 = 1.4 case. A new bump emerges between a0 = 0 and the root of A1,
as can be seen in Fig. 20 in appendix E. As φ0 increases, the bump lowers down until its tip
touches the a0 axis at φ0 = 2.621995, creating the first double root, which we label as B1. As
φ0 continue to increase, the double root split into one smaller and one bigger roots and they
widen with the smaller root becoming even smaller and the bigger root bigger. A new double
root B2 is then created at φ0 = 2.87416052. Eventually, the barren land in some middle region
of a0 is created where there is no AdS soliton solutions at all, for sufficiently large φ0 and the
smaller roots of the Bi series are pushed further to the left of the barren land while the larger
roots are pushed to the right. As in the q2 = 1.4 case, the B series are RN-like in that their
mass-charge relations are very close to that of the extremal RN-AdS black hole. As concrete
examples, the mass and charges for the boson stars associated with the B1 and B2 double roots
are
B1 double root: Q = 2.97104 , M = 12.8523 , (M
RN = 13.6235) ,
B2 double root: Q = 2.88051 , M = 13.0259 , (M
RN = 13.0327) . (63)
In the above we also list the mass of the extremal RN-AdS black hole of the same charge.
We see for the starting of the B2 series, its mass matches that of the corresponding extremal
RN-AdS with four significant figures. The level of degeneracy increases further for the Bi series
with higher i. It should be pointed out however, that we find that boson stars of the B type
are all less than that of the corresponding extremal RN-AdS black holes and hence correspond
to the lower energy states.
Since the mass-charge relation of the B1 series are recognisably different from the extremal
RN-AdS black holes, we present their properties in some detail. The φ2(Q) function is effective
linear and our data fitting indicates that it can be expressed as
φ2 = 0.170463 + 1.64755Q . (64)
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The µ(Q) is more subtle and we find within 10−3% error that
µ =
√
4.39505
√
Q2 + 0.0560187 + 7.83442Q+ 1.86301 , (65)
from which, we can derive the mass-charge function M(Q) using (31). As we see from Fig. 21
in appendix E that the above functions match the numerical date perfectly. For large Q, we
have
µ = 3.49707
√
Q+ 0.266368Q−
1
2
Q + 0.00745635Q−
3
2 +O
(
Q−
5
2
)
, (66)
and hence we have
M = −0.0314351 + 2.33138Q 32 + 0.532735Q 12 − 0.0149127Q− 12 +O
(
Q−
3
2
)
, (67)
Thus we see that for sufficiently small Q, the extremal RN-AdS black hole has the lowest
energy. For large Q, the B series of boson stars all have smaller mass than the corresponding
extremal RN-AdS black hole, with the B1 series being the ground state.
3.3 General q2
We have examined the properties of boson stars with q2 = 1.4 and q2 = 1 in the previous two
subsections, and in both cases, there are two types of solutions. One is the gapless type A
solutions that can connect to the AdS vacuum smoothly and the other is the type B solutions
that have mass gap. The electric charge and hence the mass of gapless solutions are in general
bounded above, whilst solutions with mass gap are typically unbounded above. An important
difference is that in the q2 = 1.4 case, the A1 series of solutions have unbounded charge as
well. The cause of the difference can be traced back to how the B1 double root arises. This
was illustrated in Fig. 16 and Fig. 20 for q2 = 1.4 and q2 = 1.0 respectively. Thus it is clear
that the critical qc to separate these two behavior is when the φ1(a0) function has a vanishing
saddle point, as illustrated in Fig. 10.
For q2 ≥ q2c , the A1 series of boson stars, rather than the extremal RN-AdS black hole,
are associated with the ground state. Furthermore, the A1 series is the ground state for all
the charges, from zero to infinity. The situation is quite different when q2 < q2c , in which case,
the A1 series is bounded above. Furthermore, the extremal RN-AdS black hole becomes the
ground state for small charges. These results are consistent with the fact that the superradiant
instability occurs for larger values of q2 for the extremal RN-AdS black holes with small
charges [26].
When the charge Q increases and boson stars with mass gap, namely the Bi series of the
solutions start to emerge, even for q2 < q2c . The B1 series has the lowest energy among all the
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saddle point
Figure 10: When q2c = 1.2609, vanishing saddle point arises where the B1 double root and A1 root
coalesces at a0 = 3.3560. For q
2 < q2c , the gapless A1 solution is bounded above whilst when q
2 ≥ qc, its
charge is unbounded.
Bi series of boson stars and it emerges as a double root of φ1(a0) at certain special φ
∗
0. As
φ0 increases further, the double root splits into B
−
1 and B
+
1 and the smaller root B
−
1 moves
further left, giving rise to a boson star with ever increasing and unbounded mass and charge.
The larger root B+1 moves further right and the mass and charges oscillate to some fixed point.
While strictly not quite true, we shall use the charge Q∗ of the boson star at the double root
B∗1 as the representation of the mass gap of the B1 solutions for given q. We find that Q∗
increases monotonically as q decreases from qc, as shown in Fig. 11.
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Figure 11: The charge Q∗ of the double root boson star B∗1 increases as q decreases from qc ∼ 1.261.
This shows that the mass gap increases for the B1 series as q decreases.
The increasing of the charge gap becomes exponential as q becomes even smaller. For
example, at q2 = 0.45, we have Q∗ ∼ 106, whilst Q∗ ∼ 135.12 when q2 = 0.5. We find that,
as shown in Fig. 12, there exist very good data-fitting functions within 1% accuracy for the
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M∗(Q∗) and µ∗(Q∗) relations:
M∗ = +0.275673 + 2.45511(Q∗)
3
2 + 0.144343(Q∗)
1
2 − 0.195568(Q∗)− 12 ,
µ∗ = 3.68348(Q∗)
1
2 − 0.313391(Q∗)− 12 + 0.246595(Q∗)− 32 . (68)
Note that since Q∗ has a minimum, so the above is an exact, applicable for all Q ≥ Q∗.
𝐵1
∗
RN
Figure 12: The data-fitting functions (68) matches the numerical data within 1% of error. It is
important to note that M∗ < MRN for all Q∗, indicating that the extremal RN-AdS black hole are not
the ground state for Q ≥ Q∗.
As we have noticed before, the Bi series of solutions all have less energy than the extremal
RN-AdS black hole, and the mass-charge relation becomes indistinguishable from that of the
RN solution as the label i increases and the B1 solution has the lowest energy among them.
For q2 < q2c , the extremal RN-AdS black hole is the ground state for Q < Q
∗, but concedes
this role to the B1 boson star for Q ≥ Q∗. The exponential increasing of the mass gap for the
B1 for smaller q implies that the RN-AdS black hole plays a larger role of the ground state for
smaller q.
Before ending this section, we would like to observe an intriguing phenomenon. We do not
expect that dM∗ = µ∗dQ∗ would hold since different starred values correspond to different q,
the parameter of the theory. Nevertheless, we see that dM∗ = µ∗dQ∗ holds for the leading
order. This suggests that we may introduce µ˜ to extend the first law dM = µdQ + µ˜dq such
that the µ˜dq term does not contribute to the leading dM term of large Q.
4 The supergravity models
In this section, we study the AdS boson stars in the two gauged supergravity models, corre-
sponding to the SU(3) and U(1)4 truncations of D = 4 SO(8) gauged maximal supergravity.
(See appendix A for more detail.)
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4.1 The U(1)4 model
The relevant Lagrangian is (3) with U and V functions given by (6). At the linear scalar
level, it corresponds to the toy model of q2 = 1/4. We find that the theory admits only the
type-A boson stars whose mass and charge are bounded above. In fact they are much less
than the AdS radius. For these small boson stars, the nonlinear effect associated with the
supergravity scalar potential is negligible. Indeed, as we can see from the Fig. 22 in appendix
E, the solutions resemble those of the A series of boson stars in the toy model with q2 < q2c .
It is also important to note that in this case the extremal RN-AdS has the lowest energy for
given charge Q, the attractive force is no longer the weakest.
4.2 The SU(3) model
The SU(3) model has a rich variety of AdS boson star solutions. Not only does it have the
type A and type B series of solutions, but the type C, a new type with the mass and charge
bounded both below and above.
4.2.1 The A series: gapless solutions
We first present the A series of solutions. For small φ0, the φ1(a0) function appears analogous
to (1) with an exception that the A1 root is always a0 = 2. As φ0 increases and the shape of
φ1(a0) alters significantly and most of the A roots increase and move to the right. However, the
A1 root remains fixed to be a0 = 2. (It should be mentioned here that the chemical potential
at the origin is not a0, but a0/
√
λ, as explained in section 2.5.) We obtain numerical data for
the A1, A2 and A3 series of solutions and the results are presented in Fig. 23 in appendix E.
The A1 series of boson stars deserve further comments. The µ0(φ0) relation resembles that
of the q2 = 1.4 case in that µ0 approaches zero as φ0 increases. However, unlike the A1 series of
the q2 = 1.4, here the solutions have bounded mass and charge, with Qmax ∼ 0.1702. Another
intriguing phenomenon is that the chemical potential µ is fixed to be literally 2, which implies
that
M = 2Q . (69)
(Our numerical data shows that µ ∼ 2 ± 10−9.) This is precisely the mass-charge relation of
the extremal RN black hole that is asymptotic to the Minkowski spacetime. Consequently,
the energy for the A1 series of boson stars have less energy than the extremal RN-AdS black
hole. In contrast, as we discussed in section 3.2, the q2 = 1 theory, the A1 boson stars have
larger energy. It should be also pointed out, like the rest A series of boson stars, in the A1
30
solutions, the charge Q also oscillates around some fixed value as φ0 increases, but M = 2Q
relation remains fixed, with no sign of cusps.
4.2.2 The B series: solutions with mass gap
As mentioned earlier, the shape of the φ1(a0) graph changes significantly as φ0 increases to
some critical value, φc0 ∼ 1.2465, for which a0 = 0 starts to fail to produce a soliton solution.
New roots, which we call the B series, emerge at 0 < a0  1. These roots migrate to the right
as φ0 increases. The Fig. 24 in appendix E shows this migration for the B1 series.
The B series of solutions have mass gap, but unbound above. However, there is a significant
difference compared to the B series of boson stars in the previous toy model. Here, large Q
boson stars occur at small φ0 with Q = ∞ emerging at φ = φc0. As φ increases, Q decreases
and then oscillates around some fixed value. Various properties of the solution are plotted
in Fig. 25 in appendix E. Compared to the B1 series of the toy model, the solutions in the
supergravity model have more interesting structures for small Q, with µ(Q) visibly spiraling
into a fixed point. This multi-valued function makes it unlikely to find a data-fitting function
that can fit all the data within a reasonable error margin. However, for the data before the
spiral occurs, we find a good approximate analytical expression, given by
µ = 3.43392Q
1
2 + 0.236493Q−
1
2 + 0.000744661Q−
3
2 +O(Q− 52 ) ,
M = c0 + 2.28928Q
3
2 + 0.472987Q
1
2 − 0.00148932Q− 12 +O(Q− 32 ) , (70)
where c0 = −0.0133957 and dM = µdQ. As we can see from the Fig. 25 that M(Q) function
(solid line) fits the mass data (the dots) within good error margin even for small Q, the µ(Q)
function fits the data very well only before the spiral occurs.
It should be pointed out that the B1 series of solution has less energy than the extremal
RN-black hole with the same charge. In fact the general Bi series can be called the RN-like, in
that, the mass-charge relation becomes increasingly the same as that of the extremal RN-AdS
black hole, as i increases. For example, we consider φ0 = 1.5 and the mass and charge for the
B1 and B2 boson stars are
B1 : Q = 0.863501 , M = 2.26344 , M
RN = 2.47028 ,
B2 : Q = 1.44098 , M = 4.91667 , M
RN = 4.92168 , (71)
We see that for the B2 solution, the mass of the boson star matches the corresponding extremal
RN-AdS black hole with three significant figures, albeit slightly smaller. The difference becomes
increasing negligible for the higher labelled B series. This is analogous to the B series of boson
stars in the toy models.
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C+
C- A1
Figure 13: New roots, which we label as C, emerge as φ0 increases further. They come in pairs C±,
and coalesces at the staring point φ0 = 3.5025. The C− roots move to the left whilst the C+ roots move
to the right as φ0 increases.
4.2.3 The C series: mass-gapped solutions with an upper bound
As we can see from Fig. 13, a new double root start to emerge as φ0 becomes slightly bigger
than 3.5, 3.5025 to be more precise. As φ0 increases, the double root splits into two roots,
with the smaller C− root moves to the left, whilst the bigger C+ root moves to the right. After
joining with the A1 roots, the C+ roots moves further to the right.
The properties of the C series of the boson stars are presented in Fig. 26 in appendix E.
The curves are intriguing and complicated and hard to find an analytical function to fit the
data. The solutions are characterized by that the mass and charges are bounded both above
and below.
Compare the energy of the type A1, B1 and C boson stars to the extremal RN-AdS black
hole in the commonly allowed charge region, we find
MA1 < MC < MB1 < MRN . (72)
In other words, the A1 series is the ground state for small Q, which is very different from the
q2 = 1 toy model.
5 Conclusion
In this paper, we revisit the construction of the four-dimensional AdS boson stars in three the-
ories, the phenomenological toy model consisting of a conformally coupled scalar with electric
charge q and two supergravity models descending from M-theory. The AdS boson stars we
focus on are specified by four asymptotic parameters, namely the mass M , charge Q, chemical
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potential µ and scalar hair φ2 that is dual to the VEV of a certain scalar operator in the
boundary CFT. These boson star solutions are of one-parameter family and we obtain the
relations M(Q), µ(Q) and φ2(Q). We adopted the Euclidean action technique and Iyer-Wald
formalism to derive the Helmholtz free energy and the first law of the boson star dynamics.
We show that in the fixed charge ensemble, the free energy is simply the mass of the boson
star, the same as the extremal RN-AdS black hole. This allows us compare the mass-charge
relations of the boson stars and also the extremal RN-AdS black hole and identify the ground
state for given charge Q.
Our analysis shows that the spectrum of boson stars varies significantly in different theories.
Nevertheless, we can categorise them in three classes. The type A boson stars are gapless and
can smoothly connect to the vacuum AdS; the type B boson stars have a mass gap, but are
unbounded above; the type C solutions are bounded both above and below.
For the toy model, there appear to exist an infinite Ai-series of boson stars (excited boson
stars as can be seen from a linear analysis around global AdS vacuum), roughly labelled by
i = 1, 2, · · · . These gapless solutions are typically bounded from above with charge much less
than the cosmological constant `. The upper bound for each Ai series lowers as i increases,
but the mass increases for the same applicable charge, indicating Ai is a higher excited state
than Aj if i > j. An exception is the A1 series, whose mass and charge are unbounded above
when q ≥ qc. Furthermore, for q ≥ qc, the A1 series is the ground state for all charge values;
its mass is the lowest, smaller than the extremal RN-AdS black hole.
On the other hand, when q < qc, the A1 series is also bounded above, as in the case of the
rest Ai series. In these small charge region, the extremal RN-AdS black hole is therefore the
ground state, with no boson stars having less energy. This seems to be consistent with the
essence of Weak Gravity Conjecture involving a sufficiently charged particle which renders the
extremal RN black hole unstable.
The toy model also appears to admit an infinite number of Bi-series of boson stars. The
origin of the type B boson stars are very different depending on whether q ≥ qc or q < qc,
but they share the same characteristics. They are all bounded below (with mass gap), but
unbounded from above. Meanwhile they all have less energy than the corresponding extremal
RN-AdS black hole. As the label i increases, the mass-charge relation becomes increasingly
indistinguishable from that of the extremal RN-AdS black hole. In fact viewed from the mass-
charge relation, the extremal RN-AdS black hole appears to be the upper bound of the Bi
series of boson stars.
We find no evidence of the type C boson stars in the toy model. Thus for q ≥ qc, the A1
series is ground state. For q < qc, the extremal RN-AdS black hole is the ground state for
33
sufficiently small charge, while for larger Q, the ground state switches to the B1 series. Such
switch indicates phase transition occurs at the ground state as Q increases when q < qc; such
phase transition is absent when q ≥ qc. The mass gap, or the minimum charge of the B series
increase (exponentially) as the parameter q decreases. This picture is consistent with the linear
instability analysis of [23].
The boson star spectrum is quite different in supergravity models due to the scalar self-
interactions. We find that the U(1)4 model, corresponding to q2 = 1/4, admits only the Ai
series of solutions, whose mass and charge are all bounded above. Consequently, in this theory,
the extremal RN-AdS black hole is the ground state. The spectrum of the SU(3) model, on
the other hand, is much richer, containing not only the Ai, Bi but also the C series of boson
stars. For small values of Q, the A1 series is the ground state, whilst it becomes the B1 series
for large charge, analogous to the toy model of q2 = 1. In other words, the extremal RN-AdS
black hole is never the ground state for any given value of Q. (In contrast, in the toy model
with q2 = 1, the extremal RN-AdS black hole is the ground state for sufficiently small charge.)
An intriguing new property in the SU(3) model is that the A1 series has strict M = 2Q,
the same mass-charge relation of the extremal RN black hole in Minkowski spacetime. This
suggests a possibility of an exact solution of the A1 series in the SU(3) model.
Since the boson star solutions unbounded from above contain the ground state, namely
either the A1 or the B1 series of solutions, we paid particular attention in deriving the mass-
charge relation. We found that simple data-fitting ansatz for µ(Q) (30) can fit the numerical
data in striking accuracy for the full range of charge Q and we can then obtain the mass-charge
relation by the quadrature (31). The large charge expansion leads to the structure of (1) with
some specific leading coefficients and non-vanishing c0. These provide concrete examples for
testing the AdS/CFT correspondence for the SU(3) supergravity model which is believed to
have a well-defined CFT dual.
To end this paper, we would like to outline some future directions worth exploring. First
of all, in the CFT side, it has been shown that the spontaneously breaking of the global U(1)
symmetry yields a relativistic goldstone mode with speed of sound c2s =
1
2 and multiple gapless
non-relativistic goldstone modes. One should be able to see these modes from the gravity
side by studying the spectrum of fluctuations around the boson star solutions. Although the
presence of the relativistic sound mode in the gravity side is somewhat expected, it is highly
non-triival to show the appearance of the gapless non-relativistic modes. Existence of these
modes would provide strong evidence for the duality between the AdS boson star solution and
the large charge sector of the strongly coupled CFT. Gapless non-relativistic goldstone modes
are known to be absent from the spectrum around AdS RN black hole [58]. Secondly, the
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CFT computation [6] also reveals that the lowest primary state above the large charge vacuum
carries spin 2 and scaling dimension ∆(Q) +
√
3 with ∆(Q) being the scaling dimension of the
vacuum state. This precise relation is very intriguing. It should be interesting to construct its
gravity dual.
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Appendix
A The SU(3) model from SO(8) gauged maximal supergravity
Both the U(1)4 and SU(3) gauged supergravity model can be obtained from D = 4 SO(8)
gauged maximal supergravity constructed by [31]. The U(1)4 truncation was performed in [30].
Further truncation by setting all the four U(1) gauge potentials equal were given in [53]. In
this appendix, we present the SU(3) reduction.
A.1 Detail of the truncation
The theory originates from an N = 2 truncation of the SO(8)-gauged maximal supergravity in
D = 4 [31]. It is obtained by keeping fields invariant under the SU(3) subgroup of SO(8). We
refer to [54] for the detail of this truncation. Here we first sketch some necessary ingredients.
The bosonic sector consists of an N = 2 supergravity multiplet, a vector multiplet and a
hypermultiplet. The Lagrangian is the following sum
L = LEin + Lkin − eP + Lgauge , (73)
where LEin = 12R is the Einstein-Hilbert term, Lkin is the scalar kinetic term, Lgauge is La-
grangian for the gauge fields and P is the scalar potential. We use z to denote the pair of
scalars parametrizing the special Ka¨hler coset SU(1, 1)/U(1), and ζ1 , ζ2 to denote the two
complex scalars parametrizing the quaternionic coset space SU(2, 1)/(SU(2) × U(1)). Their
kinetic takes the form
e−1Lkin. = −gzz¯ ∂µz∂µz¯ − gζiζ¯j∇µζi∇µζ¯j , (74)
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where the unique SU(1, 1) and SU(2, 1)-invariant Ka¨hler metrics are given by
ds2SK = 3
dz dz¯
(1− |z|2)2 , (75)
and
ds2QK =
dζ1dζ1 + dζ2dζ2
1− |ζ1|2 − |ζ2|2 +
(ζ1dζ1 + ζ2dζ2)(ζ1dζ1 + ζ2dζ2)
(1− |ζ1|2 − |ζ2|2)2 , (76)
respectively. The covariant derivative of the charged scalar fields is
∇µζi = ∂µζi + g
1∑
α=0
AαµK
ζi
α , i = 1, 2 , (77)
where g is the coupling constant of the gauged supergravity, and the Kα are the Killing vectors
on the quaternionic coset and is defined below
K0 = i ζ1∂ζ1 − i ζ2∂ζ2 + c.c. , K1 =
√
3 i ζ1∂ζ1 +
√
3 i ζ2∂ζ2 + c.c. . (78)
There are two U(1)’s inside SO(8) which commute with SU(3). They are embedded in the
SO(8) gauged vectors as follows
(AIJ) = diag
 1√
3
 0 A1
−A1 0
 , 1√
3
 0 A1
−A1 0
 , 1√
3
 0 A1
−A1 0
 ,
 0 A0
−A0 0
 . (79)
Accordingly, their kinetic terms inherit from those of the SO(8) gauged vectors and take the
form in the SU(3)-invariant truncation
e−1 Lgauge = −1
4
1∑
α,β=0
(
ταβ F
+α
µν F
+βµν + ταβ F
−α
µν F
−βµν
)
= −1
4
1∑
α,β=0
(
Re(ταβ)F
α
µνF
β µν + Im(ταβ)F
α
µνF˜
β µν
)
, (80)
where
Fαµν = ∂µA
α
ν − ∂νAαµ , (81)
and2
F±αµν =
1
2
(
Fαµν ±
i
2
ηµν
ρσFαρσ
)
, α = 0, 1 . (82)
The symmetric tensor, ταβ, is given by:
τ00 =
(
1 + 2z¯ + 3zz¯ + 3z2 + 2z3 + z3z¯
)
(1 + z)2 (1− 2z + 2z¯ − zz¯) , (83)
τ11 =
(
1− 2z¯ + 3zz¯ + 3z2 − 2z3 + z3z¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) , (84)
τ01 = τ10 = − 2
√
3 z(1 + zz¯)
(1 + z)2 (1− 2z + 2z¯ − zz¯) . (85)
2We use ηµνρσ = e−1µνρσ, 0123 = 1 .
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The scalar potential of the SU(3)-invariant sector is given by
P = 2 g2
[
4
3
(1− |z|2)2
∣∣∣∣∂|W|∂z
∣∣∣∣2 + (1− |ζ12|2)2 ∣∣∣∣∂|W|∂ζ12
∣∣∣∣2 − 3 |W|2] , (86)
where
ζ12 =
|ζ1|+ i |ζ2|
1 +
√
1− |ζ1|2 − |ζ2|2
, (87)
and the superpotential is defined as
W = (1− |z|2)−3/2(1− |ζ12|2)−2
[
(1 + z3) (1 + ζ412) + 6 z ζ
2
12(1 + z)
]
. (88)
One can of course also choose W as superpotential.
A.2 Further truncation
It is straightforward to check that one can set z , z¯ consistently to 0. Consequently, the gauge
kinetic terms become
τ00 = τ1,1 = 1 , τ01 = 0 . (89)
By introducing the coordinates
ζ1 = tanh ρ cos
1
2θe
i(φ+χ)/2 , ζ2 = tanh ρ sin
1
2θe
i(χ−φ)/2 , (90)
the metric on SU(2, 1)/(SU(2)× U(1)) can be recast into the form
ds2QK = dρ
2 + 14 sinh
2 ρ(dθ2 + sin2 θdφ2) + 116 sinh
2 2ρ(dχ+ cos θdφ)2 . (91)
Meanwhile, the Killing vectors defined in (1.6) becomes
K0 = 2∂φ , K1 = 2
√
3∂χ . (92)
Therefore in terms of the new variables, the scalar kinetic term takes the form
Lkin = (∂ρ)2 + 14 sinh2 ρ
(
(∂θ)2 + sin2 θ(∂φ+ 2gA0)
2
)
+ 116 sinh
2 2ρ
(
(∂χ+ 2g
√
3A1) + cos θ(∂φ+ 2gA0)
)2
. (93)
The scalar potential is given by
P = g
2
4
(
(7 + cos θ) sinh4 ρ− 16 sinh2 ρ− 24) . (94)
Then it is easy to see that one can further set θ = 0. Once this is done, we can redefine the
remaining scalars and vectors as
χ˜ = χ+ φ , A˜0 =
1
2(A0 +
√
3A1) , A˜1 =
1
2(−
√
3A0 +A1) . (95)
37
In terms of the new vector fields, the vector kinetic still takes diagonal form. Since no field is
charged under A˜1, we can set it to 0 consistently. In the end, we arrive at the simplified model
with only one U(1) gauge field
e−1L = 12R− (∂ρ)2 − 116 sinh2 2ρ(∂χ˜+ 4gA˜0)2 − 14 F˜µν0 F˜0µν − P|θ=0 , (96)
which is Einstein-Maxwell coupled to a charge scalar with a particular potential.
We now perform a change of convention
L → 2L , ρ = 1√
2
φ , A˜ = 1√
2
A , g → 1√
2
g , (97)
and absorb the Stuckelburg field χ˜ into the gauge field. The resulting Lagrangian becomes the
one used in the bulk of the paper
e−1L = R− (∂φ)2 − 12g2 sinh2
√
2φA2 − 14F 2 + 2g2
(
3 + 2 sinh2( φ√
2
)− sinh4( φ√
2
)2
)
. (98)
We recall that the model obtained here comes from a truncation of D = 4 SO(8) gauged
maximal supergravity. Thus it can be embedded in 11 dimensional supergravity compactified
on S7. One the other hand, the same model (98) also arises from a consistent reduction of
even dimensional supergravity on a seven dimensional Sasaki-Einstein manifold preserving 8
supercharges [55,56], although the full-fledgedN = 2 models arising from the seven dimensional
round sphere and Sasaki-Einstein reductions are different [57].
B The explicit equations of motion
In this paper, we construct electrically-charged spherically-symmetric solutions in Einstein-
Maxwell gravity coupled to a charged scalar. The ansatz (7) involves four functions (f, h, a, φ).
The function f can be solved algebraically, given in (8). The remaining functions satisfy the
following second-order nonlinear differential equations
h′′ =
1
4rh (r2 (hV − a2U)− 2h)
[
2h2rV
(
2r2a′2 + r2φ′2
(
rh′ − 2h)+ 4h)
−ra2U (r2a′2 (rh′ + 6h)+ 4 (−2h2 (r2φ′2 − 2)+ r2h′2 + 3hrh′))
−4h2 (ra′2 + h′ (r2φ′2 − 4)) ],
a′′ =
1
4rh (r2 (hV − a2U)− 2h)
[
2h2r2V a′
(
r2φ′2 − 4)− 4h2a′ (r2φ′2 − 4)
+arU
(
4raa′
(
h− rh′)− 4r2ha′2 − r3aa′3 + 8h (h (r2φ′2 − 2)− 2rh′)) ],
φ′′ =
1
4rh (r2 (hV − a2U)− 2h)
[
rhV,φ
(−r2a′2 − 4rh′ + 2h (r2φ′2 − 2))
+ra2U,φ
(
r2a′2 + 4rh′ − 2hr2φ′2 + 4h)+ r2a2Uφ′ (4h− r2a′2)
+2r2hV φ′
(
h
(
r2φ′2 − 4)− 2rh′)+ 4hφ′ (2rh′ + h (4− r2φ′2)) ]. (99)
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Note that a bared r appears in the denominator, indicating that the equations become singular
at the space origin r = 0, where we need to resolve the ambiguity of 0/0 in the numerical
approach. We resolve this by performing the Taylor expansion at r = 0 and use it to move the
initial integration point slightly away from r = 0.
C Generalized Smarr formula
In this section, we provide a derivation of the generalized Smarr formula for solutions in an
Einstein-Proca-scalar theory. Unlike the discussion in [41, 42], our method does not rely on
the scaling symmetry associated with the effective Lagrangian for planar case. We consider
the Einstein-Proca-scalar theory of form
L = √−g
(
R− (∂φ)2 − U(φ)AµAµ − 14F 2 − V (φ)
)
. (100)
The corresponding Einstein equation can be put in the form
Rµν − ∂µφ∂νφ− 12(F 2µν − 14gµνF 2)− U(φ)AµAµ − 12gµνV (φ) = 0 . (101)
Given a Killing vector ξ, we have
∗d ∗ dξ = −2Rµνξµdxν ,
∗(iξF ∧ ∗F − iξ ∗ F ∧ F ) = −2ξµ(F 2µν − 14gµνF 2)dxν . (102)
Using d ∗ (UA) = 0 on shell, we now define a closed 3-form H(3)
UA = ∗H(3) = ∗dB(2) , (103)
which satisfies
∗ (iξH ∧ ∗U−1H + iξ ∗ U−1H ∧H) = U(2AµAν − gµνA2)ξµdxν . (104)
Using
LξF = 0 , LξH = 0 , d ∗ F = 2H , d(∗U−1H) = F , (105)
one can show that the following expression is closed, namely, locally
(iξF ∧ ∗F − iξ ∗ F ∧ F )− 2(iξH ∧ ∗U−1H + iξ ∗ U−1H ∧H) = dP , (106)
where
P = iξ ∗ F ∧A− iξA ∗ F . (107)
Since Lξφ = 0 ,LξA2 = 0, there exists a 2-form ω such that
∗ d ∗ ω = (UA2 + V )ξνdxν . (108)
39
Adding all the pieces together, we have the conservation law
− 12 ∗ d ∗ dξ + 14 ∗ dP − 12 ∗ d ∗ ω = 0 . (109)
We now consider the ansatz
ds2 = −hdt2 + dr
2
f
+ r2dΩ22 , φ = φ(r) , A = a(r)dt , (110)
we get the generalized Smarr relation
r2(h′
√
f/h− 12aa′
√
f/h+ S)|r=rfr=ri = 0 , (111)
where S is given by
r2S =
∫ r
dr′ r′2(UA2 + V )
√
h√
f
+ constant. (112)
To make the discussion more general, we switch to the ansatz
ds2 = −a2(r)dt2 + b2(r)dr2 + c(r)2dΩ22 ,λ , φ = φ(r) , A = A0(r)dt , (113)
in which dΩ22 ,λ is a two dimensional maximally symmetric space with Rab = λgab. In the
previous discussions, we learnt that applying the tt component of the Einstein equation, the
bulk action can be reduced to a surface term
Ibulk = −4Ω2(2c
2a′
b
− c
2A0A
′
0
ab
)
∣∣∣r=∞
r=r0
. (114)
On the other hand, if one substitutes the rr component of the Einstein equation to the action,
the on-shell action can also be written as
Ibulk = −4Ω2(2c
2a′
b
+
4acc′
b
)
∣∣∣r=∞
r=r0
+ 4Ω2
∫ ∞
r0
dr(4λab− 2V abc2 + 2UA
2
0bc
2
a
) . (115)
There is also a third way to reexpress the onshell action by using the components of the Einstein
equation in the dΩ22 ,λ direction. One gets
Ibulk = −4Ω2(2acc
′
b
)
∣∣∣r=∞
r=r0
+ 4pi
∫ ∞
r0
dr(2λab) . (116)
Equating the above 3 different expressions for the same onshell bulk action, one can obtain
useful relations between bulk integral and surface terms. In particular, when λ = 0, these
include the two Smarr relations. When applied to extremal charged (hairy) branes, one of the
Smarr relation takes the form
3M = 2µQ . (117)
In the region where the solution exibits scaling symmetry, one can assume µ = cQα, where c
is a Q-independent parameter. It is easy to see that the Smarr relation above and the first law
dM = µdQ fix α = 12 without utilizing the detailed structure of the solution.
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D Verifying dM = µdQ at the tip of the cusp
As we see in the main text that for some gapless type-A solutions, the mass and charge are
bounded above and are much less than the AdS radius. The mass-charge relation appears to
be two straight lines with a common tip, shown in Figs. 4 and 19. If our first law dM = µdQ
is correct, this implies that µ(Q) would be constant and discontinuous, which contradicts the
Figs. 3 and 19 respectively. In this appendix, we use the A1 series in the q
2 = 1 theory as a
concrete example to resolve the puzzle. We first note that the longer line of A1 in Fig. 19 that
connects to the origin is not straight, but with the mass-charge function
M = 2Q+ 0.960472Q2 − 0.378403Q3 +O(Q4) , (118)
From this, we can obtain the function µ(Q) = dM/dQ. We see clearly from Fig. 14 that the
data-fitting functions match with the numerical data perfectly for small Q, which establishes
our first law for small Q and its Q→ 0 limit. Our data-fitting mass-charge relation also implies
that the A1 series of solutions have bigger energy than the corresponding extremal RN-AdS
black holes in this q2 = 1 theory.
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Figure 14: These are the mass and chemical potential dependence on Q for the A1 solutions of q2 = 1,
corresponding to Fig. 19. The dots are numerical data and the solid lines are data-fitting functions
satisfying dM = µdQ.
To establish the validity of the first law dM = µdQ at the vicinity of the cusp in the mass-
charge relation, shown in Fig. 19, we need to observe that the two lines of M(Q) are tangent
to each other at the tip. In other words, dM/dQ is continuous at the tip, but not the second
derivative d2M/dQ2. This can be realized by considering
Qmax −Q = α(µ− µ∗)2 , (119)
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at the tip Qmax. This implies that
µ± = µ∗ ±
√
Qmax −Q
α
, M± = Mmax + µ∗(Q−Qmax)∓ 2(Qmax −Q)
3
2
3
√
α
. (120)
Thus we see that the two (±) branches join smoothly for the chemical potential µ, but create
a cusp for the mass. The origin of the cusp is that d2M/dQ2 = dµ/dQ diverges at the cusp.
Concretely, for the A1 solution of the q
2 = 1 theory, near the top tip of the mass-charge relation
in Fig. 19, we have
µ± = 2.3793± 0.262785
√
0.252306 −Q , (121)
which, can be seen in Fig. 15, fits the numerical data near the tip perfectly.
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Figure 15: The figure shows that the formula (121) fits the numerical data perfectly at the tip. The
top branch is µ+ and the lower one is µ−. The divergence of dµ/dQ at the tip creates the A1 cusp in
Fig. 19, where the two mass lines join in a tangential manner: they are continuous up to and including
the first derivative.
E More graphs
This is the depository of figures of physical quantities obtained from numerical construction of
various AdS boson star solutions. We collect them here so that we do not interrupt the flow
of description in the main text.
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A1 A3A2
B
A1 B1
B1 B1B3 B2B2
Figure 16: New type of roots of φ1(a0) emerge as φ0 increases and we label the corresponding boson
stars as the B series. The A1 root stays in the left of the B roots while the Ai roots with i = 2, 3, . . . ,
are pushed to the right of all the Bi roots. The theory has q
2 = 1.4.
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Figure 17: At φ0 = 2.5, there is no solution in the region 0.891 < a0 < 2.135 and the B series split
into the left and right groups. The A1 roots stay in the left and all the A2,3,... roots are pushed to the
far right. Compared to the A roots, the B series occupy only a tiny region in the a0 axis. The theory
has q2 = 1.4
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Figure 18: These pictures show the properties of the A series of boson stars when q2 = 1. Unlike in the
case of q2 = 1.4, the A1 here has the same characteristics as the rest of the A series of solutions. The
scalar hair and chemical potential spiral with the charge into some fixed points. The difference µ − µ0
vanishes as Q→ 0.
Figure 19: Here are the mass-charge relations of the A series of boson stars of q2 = 1. All the masses
and charges are bounded above and the masses are all larger than that of the extremal RN-AdS black
hole.
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Figure 20: This shows the creation of mass-gap solutions for q2 = 1, which is very different from that
of q2 = 1.4, depicted in Fig. 16. The new bump emerges between a0 = 0 and the A1 root, and the tip
lowers down towards a0-axis and then starts to oscillate as φ0 increases. All the A roots are pushed to
the right to the all the B roots.
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Figure 21: These graphs describe the various properties of the B1 series of boson stars for the q2 = 1
toy model. Our data-fitting functions, given by (65) and below, match the numerical data (the dots) of
µ(Q) and M(Q) perfectly.
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Figure 22: Here are the properties of the A series of AdS boson stars in the U(1)4 supergravity model.
For these small AdS boson stars (Q  1, the nonlinear effect of the scalar potential is negligible and
the solutions are effectively the same as the toy model with q2 = 1/4. It is also clear that the extremal
RN-AdS is the ground state.
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Figure 23: These describe the A series of AdS boson stars in the SU(3) supergravity model. One
unusual feature is that µ = 2 for the A1 series. Its mass-charge relation M = 2Q is precisely the
same as the extremal RN-Minkowski black hole. It is clear that the A1 series is the ground state in the
appropriate charge region.
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Figure 24: The B roots emerge after certain critical φc0, and they migrate towards right as φ0 increases.
From left to the right, φ0 = 1.5, 1.888 and 2.0 respectively. At φ0 = 1.888, the A1 and B1 roots join,
creating a double root.
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Figure 25: This os the B1 series of AdS boson stars in the SU(3) supergravity model. The extra line in
the M(Q) is the mass-charge relation for the extremal RN-AdS black hole and we see that it has larger
energy than the boson star.
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Figure 26: This is the C1 series of AdS boson stars in the SU(3) supergravity model. The mass and
charge are bounded both above and below. The value of µ lies in a tight region so that the mass-charge
relation looks like a straight line.
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